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O „ Abstract. We study the symplectic geometry of the moduh spaces Mr = Mr(S^) of 

^ ■ closed n-gons with fixed side-lengths in the 3-sphere. We prove that these moduli spaces 

^^ ' have symplectic structures obtained by reduction of the fusion product of n conjugacy 

classes in SU{2), denoted C", by the diagonal conjugation action of SU{2). Here C" is a 
i^ ' quasi-Hamiltonian S'f/(2)-space. An integrable Hamiltonian system is constructed on Mr 

in which the Hamiltonian flows are given by bending polygons along a maximal collection 
of nonintersecting diagonals. Finally, we show the symplectic structure on Mr relates to 
rn ' the symplectic structure obtained from gauge-theoretic description of Mr- The results of 

^\ \ this paper are analogues for the 3-sphere of results obt ained f or MriJS?), the moduli space 



of n-gons with fixed side- lengths in hyperbolic 3-spa ce [KMT], and for Mr(E ), the moduli 



F^ ' space of n-gons with fixed side-lengths in E^ |KM1] 



►^ . 1. Introduction 

SI^ ' In this paper we study the symplectic geometry of the space of polygons in §^ with fixed 

^-_i . side- lengths modulo the group of isometrics. We denote this moduli space by M^ = Mr(S^). 

0^ \ This paper is continuation of |KM1| and | KMT[ , which studied the polygonal linkages in 

^ ' Euclidean 3-space and hyperbolic 3-space, respectively. 

Q . An (open) n-gon P in S^ is an ordered (n -|- l)-tuple {xi, ...,Xn+i) of points in §^ C C^ 

called the vertices. We join the vertex Xj to the vertex Xj+i by the unique geodesic segment 
Cj, called the i-th edge (here we must make the restriction Xi and Xj+i are not antipodal 



■ ' points). We let Poln denote the space of n-gons in §^. An ra-gon is said to be closed if 

Xn+i = xi. We let CPoln denote the space of closed n-gons. The group G = SU{2) x SU{2) 

acting on E>^ hy g ■ X = gixg2^, x G §^, g = (51,52) £ G, is the group of isometrics of S^. 

k>( I Two n-gons P = (xi, ...,Xn+i) and P' = {x'l, ...,x'j^^i) are equivalent if there exists g G G 

^ • such that g ■ P = P', that is g ■ Xi = x[, for all 1 < i < n -|- 1. 

. 5t , Let r = (ri, ..., r„) G M" be an n-tuple of positive numbers with rj < vr for 1 < i < n. We 

denote by A''^ the space of open n-gons in which the side ej a has fixed length d(xi, Xj+i) = rj. 

We then let M,. = N^ n GPoln, A^ = Nr/G, and Mr = Mr/G. This paper examines the 

symplectic geometry of the space Mr. 

We have G = SU{2) x SU{2), K is the diagonal subgroup in G, and P = G/K which 
we identify with SU{2). We equip G,K,P with the quasi-Poisson structures associated to 
the standard Manin pair (g,^), where g = {{x,y) G 5u(2) ©su(2)} and i = {{x,x) G g : x G 

5U(2)}. 

The main theorem of this paper is: 
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Theorem 1.1. The space Mr is a symplectic manifold with the symplectic structure ob- 
tained from reduction of the fusion product of n conjugacy classes in SU{2), C^ ® • • -©Cr^, 
by the diagonal dressing action (conjugation) of the quasi-Poisson Lie group K . 

We are also interested in finding an integrable system on M^. We denote by dij a 
geodesic connecting the vertices xi and Xj (we always assume i < j), which we call a 
diagonal. Let iij be the length of the diagonal dij. Then iij is a continuous function on 
Mr, but it is not smooth when either iij = or iij = vr. If dij and d^m are nonintersecting 
diagonals, then 

By considering a maximal collection of nonintersecting diagonals, we obtain ^dimlMr) 
Poisson commuting Hamiltonians. 

The Hamiltonian flow \I'* • associated to a iij has the following nice description. Separate 
the polygon into two pieces via the diagonal dij, the Hamiltonian flow is given by leaving one 
piece fixed while rotating the other piece about the diagonal at constant angular velocity 
1. The flow ^*- is called the "bending flow" along the diagonal dij. 

The paper is organized ad follows: 

In section 2, we give background material for Manin pairs and quasi-Poisson Lie groups. 

In section 3, we define a symplectic structure on Mr by quasi-Hamiltonian reduction on 
the fusion product of conjugacy classes. 

In section 4, we study the Hamiltonians iij and their associated Hamiltonian flows. 

In section 5, we study the an action of the pure braid group on Mr given by the time 1 
Hamiltonian flows of a certain family of functions. 

In section 6, we relate the symplectic form on Mr to symplectic form given on the 
relative character varieties on n-punctured 2-spheres. 

We note that the moduli spaces of polygons in the spaces of constant curvature give 
examples of completely integrable systems obtained from the theory of Manin pairs associ- 



ated to a compact simple Lie group | AMM2 |. The Manin pairs corresponding to the various 
moduli spaces are: 

• (su(2) x 5u(2)*,su(2)) for polygons in the zero curvature space (Lie- Poisson theory); 

• (s[2(C) = 5u(2)^,su(2)) for polygons in negative curvature space (Poisson-Lie theory); 

• (su(2) ©su(2),5u(2)) for polygons in positive curvature space (quasi-Poisson Lie the- 
ory). 
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2. Manin Pairs and quasi-Poisson Lie groups 

2.1. quasi-Poisson Structures. In this section, we let K be any compact simple Lie 
group with Lie algebra denoted by 6. Let G = K x K he the double of K with Lie algebra 
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= 606. The Killing form on 6, which we denote by (, ), defines a nondegenerate bilinear 
form B{,) on given by 

B{{X^,X2),{Y^,Y2)) = (Xi,yi) - {X2,Y2), f0T{X^,X2),{Yl,Y2)eQ. 

If we now let K denote the diagonal subgroup of G then its Lie algebra 6 is a maximal 
isotropic subalgebra of g. The pair (g, 6) is a Manin pair. We will construct a quasi-Poisson 
Lie group structure on G associated to the Manin pair (0,6) which restricts to a (trivial) 
quasi-Poisson Lie group structure on K. For background on quasi-Poisson Lie groups, 
quasi-Poisson structures, Manin pairs, etc. we refer the reader to |AKS|, |Le], KSl], [KS2|. 



Let p = {(2-'^) ~2-^) ^ s} ^^ ^^^ anti-diagonal in q. Then p is an isotropic complement 
of 6. Note that p is not a Lie subalgebra of g ([p,p] C 6), so the triple (g,6,p) is a Manin 
quasi-triple, rather than a Manin triple which arises in the theory of Poisson Lie groups. 
We call this triple (g,6,p) the standard Manin quasi-triple. 

A Manin quasi-triple gives rise to a Lie quasi-bialgebra (6, F, ip). We can identify p with 
6* via the bilinear form of g. The cobracket on 6 is a map F : 6 — > 6A6 which is the transpose 
of the map from p A p ^ p, also denoted by F, defined by 

We can also define the element if G A^6 by the map p A p — > 6 given by 

For the Manin quasi triple (g, 6, p) given above, we have F = and ^ = ^ J2ijk fjk^i^^j^^k, 
where [ej,ek] = Y.iPjk^i- 

We can also identify g with 6 ©6* via the bilinear form B(,). The canonical r-matrix on 
g associated to the Manin quasi-triple (g, 6, p) is an element r-g € g <8> g defined by the map 
^g • 0* ^ given by rg(^, X) = (0, ^) where X € g and C ^ 0*- Let {ej} be an orthonormal 
basis of 6 and {e*} be the dual basis in 6*, then 



E' 



le . 



The multiplicative 2-tensor wg = dLgr^ — dRgV^ actually defines a bivector on G, 
since the symmetric part of r^ is a multiple of the bilinear form i?(, ) on g. Wq gives us 
a quasi-Poisson Lie group structure on G. Wg naturally restricts to the trivial bivector on 
the subgroup K C G. There is also a natural projection of Wg to G/K = P, which can 
identified with K, via the map p : G —)■ P defined by p{gi,g2) = 9i92 ■ The bivector wp is 
given by 

i 

Here ef (ef) denotes the left-invariant (resp. right-invariant) vector field on P with value 
Cj at the identity. We will use this notation for vector fields on P throughout the rest of 
the paper. Note that wp is not multiplicative, so P is not a quasi-Poisson Lie group. We 
will see that in the next section that P is the target space of a generalized moment map. 
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2.2. Moment map and reduction. The action of G on itself is by left multiplication 
induces an action of K on P, the dressing action, which is given by conjugation. 

We denote by xm the vector field, more generally the multivector field, on M induced 
by the action of i^ on M and x G t satisfying 

{xMf){m) = — |t=o/(exp(-ix) • m) 
at 

where / G C'^{M) and m £ M. This is a Lie algebra homomorphism, i.e. [xm^Um] = 

[x,y]M for x,y G i 

We have the following definition of a quasi-Poisson action. 

Definition 2.1. Let {K,wk,^) be a connected quasi-Poisson Lie group acting on a man- 
ifold M with bivector wm ■ The action of K on M is said to be a quasi-Poisson action if 
and only if 

(i) ^[wm,vjm] = ^M 
(ii) Cx^WM = -{F{x)m) 
for all X G €. 

The dressing action of i^T on P is a quasi-Poisson action. There is also a notion of a 
generalized moment map associated to a quasi-Poisson action. 

Definition 2.2. A map fj, : M ^ P, equivariant with respect to the action of K on M and 
the dressing action of K on P, is called a moment map for the action of K on (M, wm) if, 
on any open subset of M , 

w'^{fi*ax) = XM- 
Here Ox G ^^(P) is defined by < ax,S,P >= —{x,S,) for x G t and ^ G p. 

Definition 2.3. The action of K on M is called quasi- Hamiltonian if it admits a moment 
map. A quasi- Hamiltonian space is a manifold with bivector on which a quasi-Poisson Lie 
group acts by a quasi- Hamiltonian action. 



The following lemma will be useful in this paper for the proofs of Proposition 2.5 and 



Theorem 2.7. 



Lemma 2.4. Let {M,wm) be a manifold with bivector on which the compact simple Lie 
group K act in a quasi-Poisson manner. Then {M,wm) is a quasi-Hamiltonian space if 
and only if there exists a map fj, : M ^> P which is equivariant with respect to action of K 
on M and the action of K on P by conjugation which satisfies 

w\^i*{x,e)) = \({U + Ad^)x)M 

for all X G t. Here w'^ : T*M —f T^M is given by w\a) = w{a, •) for a G T*M, and 
9 :T^K ^ I is the left-invariant Maurer-Cartan on K . For K a matrix group 9 = k^^dk. 



Proof: See ||AKS| , Proposition 5.33]. D 



Example 2.5. The basic example of a quasi-Hamiltonian space is the space P. The action 
of K on P is the dressing action and the associated moment map is the identity map. The 
bivector on P is given by wp = ^ X^j e^ ^ ^i- 
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In general, any i^-invariant embedded submanifold of P is also a quasi-Hamiltonian 
space with moment map given inclusion. 

Example 2.6. Let (g, t, p) be the standard Manin quasi-triple. Let C <Z P he a conjugacy 
class in P. The action of K on C given by conjugation is a quasi-Poisson action. The 
momentum map associated to this action of is the inclusion map (i.e. fj, : C ^ P given 
by l^id) = 9)- Since the bivector wp is K -invariant, the bivector on C is given by the 
restriction wp\c 

Even though a quasi-Hamiltonian space (M, /x, wm) is not in general a Poisson manifold, 
\[wm,wm] = i^M: there is still a notion of reduction to a symplectic manifold. 

Lemma 2.7. Let {M,wm, 1^) be a quasi-Hamiltonian space such that the bivector wm is 
everywhere nondegenerate. Assume M/G is a smooth manifold in a neighborhood U of 
p{xo), where p : M ^> M/G and x^ € M. Let x £ M be such that p{x) G U and s = fi{x) G 
D/G is a regular value of the moment map fi. Then the symplectic leaf through p{x) in the 
Poisson manifold U is the connected component of the intersection with U on the projection 
of the manifold fi^^{s). 



Proof: See |AKS, Theorem 5.5.5] 



2.3. Fusion product of quasi-Poisson manifolds. Given quasi-Hamiltonian spaces Mi 
and M2 each acted on by K with associated moment maps fii : Mi — > P and ij,2 : M2 — > P, 
it is not true that Mi x M2 with the product bivector structure is a quasi-Hamiltonian 
K-space with the action being the diagonal action of K on Mi x M2. We can define a new 
bivector on Mi x M2 such that diagonal action is a quasi-Poisson action with respect to 
this new bivector. Mi x M2 with this bivector is called the fusion product and is due to 



| AKSM | 



As defined in the previous section, the subscript M denotes the vector field, or multi- 
vector field, induced by the action of K on M. 

Proposition 2.8. Let {Mi,wi, fii) and {M2,W2, ^J'2) be quasi-Hamiltonian K-spaces in the 
sense of | AKS|| . Then M = Mi x M2 with the action of K on M given by the diagonal 



action, bivector on M given by 

WM = wi + W2 + - ^(ej)j\/i A {ej)M2 
j 
and moment map fi = fiifi2 is a quasi-Hamiltonian K-space. Recall {a} is an orthonormal 
basis of t. M with this structure is called the fusion product of Mi and M2 and is denoted 
by M = Ml ®M2. 

Proof: We begin by showing the diagonal action of K on (M, wm) is a quasi-Poisson action. 
For this we need to show, 

(i) ^[wMiWAt] = ifM 

(ii) C^m'^m = 0. 

We will then show that /x : Mi x M2 — > P given above is the moment map associated 
to the diagonal action. 

It is a straightforward calculation to show (z): 
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WM,WM 



1 

2 

1 r 
2 



1 



1 



WI+W2 + - ^(ej)Mi A {ej)M2,wi + ^2 + - ^(efc)Mi A (efc)M2 



Wl,Wl\ +- 



1^2, W2 



1 



'jJMa 



i=i 



- [^tt^l, ttJlJ + - W2, W2 + \wi + W2, ^(ej)Mi A {ej)M2 



+- ^ ( I (ej)Mi, (efc)Mi A (cjOmz a (efc)M2 + (ej)M2, (efc)M2 A (ej)Mi A (efc)Mi 



But i 



tfjjti'j 



(/?jvfi for i = 1, 2 since the iT- actions on Mi and M2 are quasi-Poisson 



actions. Also, we have [(ek)M,,Wi] = C(f..).,wi = — (F(efc)) where F : 6 — > A^6 is 

the cobracket. But F = for the standard quasi-Poisson Lie group K we have, thus 
[{ek)M^-,w,j\ = 0. Let f\ denote the structure constants on t. The above equations then 
become 






■iE^ 






M2 



Ml 
A (ej)Mi A (efc)Mi 



A (cjOmz a (efc)M2 



M2 



^ X] fjki^i)^! ^ (^j)Mi a (efc)Mi +^Y^ /]fc(ei)M2 A (e^OMa A (Cfe) 
+ g XI •/'jfc(ei)Mi A (ej)M2 A (efc)M2 + gYl fjki^i'lMi A (cjOmi A (efc)Mi 
M X^-^i-^l^^*)^! + (^i)M2) A ((cjOmi + (ejOMa) A ((efc)Mi + (efc)M2 



24 



ijk 



^ X] f]k{ei)M A (ej)M A (efc)M 
jjfc 



'/'M 



To show (ii), we again use C(^f^^^-)^ WMi = 0. 
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^{ek)MWM = ^{e^)M,+{ek)M2 (^1 + ^2 + ^{ej)Ah A {ej)M, 



C 



(efc)Mi+(efc)Af2 



^{ej)M2 A {ej)M2 



Y^ [(efc)Mi, (cjOmiJ a iej)M2 - Yl [(efc)M2, (ej)M2 



A (ej)Mi 



*j 



«j 



We next use Lemma ^^ to show that // = H1IJ.2 '■ Mi x M2 — > P is indeed the moment 
map associated to the diagonal action. 



w\^^*{x,e)) 



u;»((^iM2)*(x,^)) 



M2 



'2 IZ ((/^2(2;,6'))(ej)M2) (ej)Mi 



{Mi,Wi) is a quasi-Hamiltonian space with moment map ^j : Mj — > P,, so we have by 
Lemma p. 41 



u;«(^*(x,^))=^((l + Ad^Jx)M,. 



We can also see that 



/.^ V^^-J 



(/i*(x,6l))(ei)Af, ) (ei)M, 



i 

y^(Ad^^.x - X, ei){ei)Mk 

i 

(Adfj,^x- x)Mk 



So the above becomes 
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wi{lj*{X,0)) = -{Ad^,_ + Ad^^f,^X)M, + -(1 + Ad^^X)M2 + -{Adf,,f,,X - Ad^^X)M2 



--{Ad^.X - X)m, 



1 

2 

^((l + Ad^,^,)X)M^ + -((1 + Ad^,^,)X)M, 
-{{l + Adf,^f,^)X)M 



D 



Remark 2.9. It is a quick calculation to show the fusion product is associative, that is 
Ml ® (M2 ® M3) ~ (Ml ® M2) ® M3. The bivector is given by 

w = wi + W2 + W3 + - ^(ei)Mi A (ei)M2 + -^ '^{ei)Mi A {ei)M3 + 2 '^(^i)M2 A (ei)M3- 

ill 

The quasi-Hamiltonian space we are most interested in for this paper is the fusion 



product of n conjugacy classes in P. Recall from Example ^^ that C^ C P is a quasi- 
Hamiltonian space with action given by conjugation and the associated moment map 
given by inclusion. The fusion product of n conjugacy classes C" = C^ ® ••• ® Cr„, 
r = (ri, ..., r„) G M_|_ is also a quasi-Hamiltonian space with action given by the diagonal con- 
jugation and moment map /i : M — > P given by multiplication, Jl{gi,g2, ■■■,gn) = 9i92 ■ • • dn- 
The bivector on this space is given by 

n 1 " 

i=l k i<j k 

where the subscripts i,j denote the vector field on C^, Crj C C". 

2.4. Poisson bracket on C°°(P")^. For a general quasi-Hamiltonian space {M,wm), the 
bracket on C°^{M) defined by the bivector wm is not a Poisson bracket. This is easy to 
see since the Shouten bracket [wmjWm] = ^M is an invariant trivector field. The bracket 
does however define a Poisson bracket when we restrict to the space C^^M)^ of smooth 
K-invariant functions on M. 

Lemma 2.10. Let K be a connected quasi-Poisson Lie group acting on a manifold (M, wm) 
in a quasi-Poisson manner. Then the bivector wm defines a Poisson bracket on the space 
C°°{M)^ of the smooth K -invariant functions in M. 



Proof: See JAKSJ , Theorem 4.2.2] D 



For V G C°°(P") we define 

Di^ : P" ^ ii, D',^ : P" ^ e^ 
as follows. Let g = {gi, ■■.,gn) G P" and x = (xi, ...,Xn) € 6", then 

diipgixP) = {Ditp,x) = —\t=oij{gi,...,e^'''gi,...,gn) 
di'4)g{x^) = {Di'tp,x) = — |i=oV'(9i,-",9ie*^%-",9n)- 
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Here (, ) is the Killing form extended to £" by (x,y) = Y17=i(^i'yi) ^^^ x,y ^ £". 
Remark 2.11. It is easy to see that 

AdgMHa) = Di^ 

We also define 

i=l 

We now define the Poisson bracket on (7°°(P") . 
Proposition 2.12. Let 0,V' G C°°(P")^ then 

n 

Proo/; 

Let us first note that for x,y Gt '^i{x,ei){y,ei) = {x,y). Now, 

W,i^}{9) = w{dip,di;) 

4) 






j=l A: 
1 " 

i<j k 
i=l k 

+^ E E (^> - ^*'^' ^'^) (^> - ^i^' ^'^) - {^'^^ - ^i*^' ^'^) (^^^ - ^^^' ^-^ 

i<j k 
1 " 

= -E(^«'/',av')-(a0,^:v') 

+^ E (^> - ^^'^' ^i^ - ^i^) - [^'i'^ - ^^■'^' ^> - ^^^ 

i=\ 

"\ E (^> - ^^'^' ^i^ - ^i^) - E (p'^'^ - ^*'^' ^> - ^i^ 

But since il) G (joo^pn^^K jg /^-invariant, a quick calculation shows 



10 THOMAS TRELOAR 



i=l 

Using this fact and also that {D'-(j), D[tp) = {Di(j), Diip) for all z, we can rewrite the above 
as, 

i=l 

i>j i>j 

n 



1=1 

D 
From the above Proposition we can also define the Haniiltonian vector field X^ associ- 
ated to -0 G C^^^pn^K ^y x^ = u;«(#). 

Corollary 2.13. The Haniiltonian vector field X^{g) = {{Xi{g), ...,Xn{g)) associated to 
the K -invariant function ijj € C°°{P"')^ is given by 

Xj{g) = dLg^^j - dRg^^j, 1 < j < n. 

and g = (51,52, •••,5n)- 



Proof: We use the convention {(p,ip} = d<j){X^) = Yl^=id'jV{{Xj{g)). Proposition 2.12 
gives us 

n 
n 



Y^djHdLg^^j) - dj(t>{dRg^^j) 



i=i 






D 



3. The symplectic structure on Mr(§^) 

Throughout the rest of the paper, we let G = SU{2) x SU{2), K = SU{2), and P - 
SU{2). In this section, we will define a symplectic structure on Mr obtained from the 
reduction of the fusion product of conjugacy classes to a symplectic manifold. 
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Recall, we defined Poln{*) to be the open n-gons in S^ with side-length less than vr, so 
that we can choose an unique geodesic between vertices. The map $ : P" -^ Poln{*) C 
(53 )" defined by 

^{9) = {*, 91*, 9192*, -, 9192 ■■■ gn*) 
is a diff'eomorphisni. 

Proposition 3.1. The map ^ is a K-equivariant diffeomorphism where K acts on P" hy 
the dressing action (diagonal conjugation) and on Poln{*) hy the diagonal action on (S'^)". 

Proof: * € P is an element in P which is fixed by the X-action, that is Adk{*) = * for all 
k G K. For k G K and g G P", k ■ p = {Adk9i, ...,Adk9n), so 

<^{k-g) = {*,Adk{gi)*,...,Adk{9i---9n)*) 

= {Adk*,Adk{9i*,--- , Adkigi ■ ■ ■ 9n*)) 

= k- {*,gi*,...,gi---gn*). 

D 

Remark 3.2. The map $ induces a diffeomorphism from {g S P" : gi---gn = 1} to 
CPol{*). 

We have seen that the X-orbits in a quasi-Hamiltonian space are quasi-Hamiltonian 
spaces. In particular, a conjugacy class C C P is a quasi-Hamiltonian space. Let r G M", 
with r = (ri, ..., r„). Let Cj.. C P denote the conjugacy class in P such that r^ = (i(*, gi*) = 

cos^^ ( — ^trace{gi) j G M for all gi G C^,. 

Lemma 3.3. The map ^ induces a K-equivariant diffeomorphism from C^ x • • • x Cr„ to 
Nr, the space of open n-gons with fixed side-lengths based at *, where ri = d{gi- gi* , gi- gi-i*) , 
for all 1 < i < n. 

Proof: Follows from the fact that k fixes side- lengths. D 

Corollary 3.4. $ induces a diffeomorphism from the space {g G C" '■ gi • • • gn = 1}/-^ to 
Mr the moduli space of closed n-gons in S^. 

In §2.3 we saw that the fusion product of n conjugacy classes in P, (C^,Ji,w), is a 
quasi-Hamiltonian space with the moment map Jl given by multiplication. So, Jl^^{l)/K = 
{g G C^ '■ 9i- ■ ■ 9n = ^}/K. We must determine when this restriction and quotient gives 
rise to symplectic manifold. Lemma 2.7 tells us that fl~^{l)/K is a symplectic manifold 
when 

• ■u; is everywhere nondegenerate on C^ 

• 1 is a regular value of fl. 

We use the following remark from [ AKS , Example 5.5.4] to give the nondegeneracy condi- 
tion. 

Remark 3.5. Let K he a quasi-Poisson Lie group arising from the standard quasi-triple 
and (M, /x, w) is a quasi-Hamiltonian space. Then (M, /x, w) is nondegenerate if and only 
if, for each m G M , 

ker{wl^) = {fi*{x,d) : x G ker{l + Ad^(^rn))}- 
Here x G t. 
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It follows that the fusion product of conjugacy classes is nondegenerate. 

Lemma 3.6. 1 is a regular value of pt if and only if tg = {x £ t : xq^ = 0} = for all 

gGji-Hl). 



Proof: We refer to Lemma g^. Let x € t. Then x G {Im{d^\g))-^ <^ {x,fi*6) = <^ 
= wi{{x,Ji*B)) = {{1 + Ad~^(^g^)x)cn = {2x)cn. a 

A polygon is said to be degenerate if it can be contained in a geodesic in S^. It follows 
from the above lemma that if there does not exist g € /I^^(l) C C" such that $(g) is a 
degenerate polygon, then 1 is a regular value of //. 

Theorem 3.7. The moduli space Mr containing no degenerate polygons has a symplectic 
structure which is the transport structure from the moduli space n~'^{l)/K. 

In §6, we need a formula for the symplectic form on Mr i in §6. 

Remark 3.8. The symplectic form is given by 



n ^ n n 



2 

i = l j = l jr'=j + l 



where uJi is the quasi- Hamiltonian 2-form on the conjugacy class Ci C SU{2), see [AMMl], 
and 6i is the right-invariant Maurer-Cartan form on Ci C SU{2). We denote by Af, the 
wedge product together with the killing form on G. 

4. Bending Hamiltonians 

4.1. Hamiltonian vector fields. Recah, K = SU{2) and C" = C^j ® • • • ® Cr„, where 
C^. C P is a conjugacy class in P ~ SU{2). Let {x,y) = —^Tr{xy). In this section we will 
compute the Hamiltonian vector fields Xj. associated to the functions fi € C°°{Cr)^ given 
by 

fjia) = tr{gi---gj), 1 < j < n. 

See §2.4 for the definition of the Poisson bracket on C°°{Cr) . We leave it to the reader 
to verify the following lemma. 



Lemma 4.1. 



for all 1 < j < n. 

We define Fj : P ^ t hy 



Di+ifjig) = D'jjig), l<i<j-l 
Difjig) = D'jfj{g) 



Fj{g) = {{gi---gj)-{gi---g,r^). 
We then have the following lemma. 
Lemma 4.2. Fj{g) = Difj{g) 
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Proof: For g £ C^ and X e i 

^ 'tX. 



{Dif,{g),X) = - tr{e'^gig2---gj 



dt 



t=o 



tr{Xgig2---gj) 
tr{gig2---gjX) 



but since 

\-i 



triigm ■ ■ ■ gjY'X) = tr{{gi ■ ■ ■ g,)*X) = tr{X*gi ■ ■ ■ g,) = -tr{gi ■ ■ ■ g,X) 
it follows that 

tr{gig2---gjX) = -tr[{{gig2- ■ ■ gj) - {gi- ■ ■ gjy^)Xj 

= {-{i9i---9j)-{9i---9jr'),xy 

Since — ( (51 • • • gj) — {gi- ■ ■ 9j)^^ ) G ^ and (, ) is a nondegenerate bilinear form, we have 

DifM = -((51 • • -^i) - (51 • ••*•)-') = -Fj{g). D 

We have the following formula of the Hamiltonian vector fields Xf- . 

Theorem 4.3. The Hamiltonian vector field Xf- is has an i-th component given by 

iXf^ig))i = dRg^F.ig) - dLg^F,{g), 1 < i < j, 

{Xf^{g))i=Q, j<i<n 

Proof: Recall from Corollary p.l3| that for ip € C°°(C")^,X^((7) is given by 

{X^{g))i = dLg^^^ig) - dRg^^^{g) 

where "^{{g) = Di'il){g) - D[ilj{g) + D2ip{g) A-iV'(5') + Di^{g). This together with 

Lemma ET] gives us 



iXf^{g))i = dLg^Difjig) - dRg^D^f,{g), l<i<j 

and 

(X/^,(<7))i = 0, j<i<n. 



But from Lemma 4.2, —Fj{g) = Difj{g), completing the proof. 

D 

4.2. Commuting flows. In this section we will show the family of Hamiltonians {/j}?=i 
Poisson commute for 1 < j < n. 

Proposition 4.4. {/j, fj} = for all i,j. 
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Proof: Without loss of generality we may assume i < j, then by Proposition 2.12 

j 

k=l 

j 

Y,iD'kM9)-DkMg)),F,{g)] 

' k=l 
0,Fj{g)^ 
= 
Here we used ^Li {Dkfi-D'Ji) = 0. D 

4.3. Hamiltonian flow. In this section we will calculate the Hamiltonian flow, <&*•, asso- 
ciated to fj. Recall that the Hamiltonian flow is the solution to the ODE 

., J# = dRgMa) - dLg^F.ig), l<z<j 
^'Y^ = OJ<^<n 

Lemma 4.5. Fj{g) is invariant along solution curves of (*). 

Proof: To prove the lemma, it suffices to show that ipj{g) = gi ■ ■ ■ dj is invariant along 
solution curves of (*). 

Jt^oiait)) = j^{9i{t)92{t) ■ ■ ■ gj{t)) 

= ^it)92{t)---g,{t) + h{t)^{t)...gj{t) + ...+g,{t)g2{t)---^{t) 

= [Fj{git))gi{t) - gi{t)F^{g{t))]g2{t) ■ ■ ■ gj{t) + gi{t)[Fj{g{t))g2{t) - g2{t)Fj{g{t))] ■ ■ ■ g,{t) 

= gi{t)g2{t) ■ ■ ■ [Fj{g{t))gj{t) - gj{t)Fj{g{t))] 

= Fj{g{t))gi{t) ■ ■ ■ gj{t) - giit) ■ ■ ■ g,{t)Fj{g{t)) 

= 

D 



Lemma 4.6. The curve exp [tFj{g)^ is periodic with period 2it/ J A — /?. 

Proof: Left to reader. D 

We are now able to find the Hamiltonian flow <&*• . 

Theorem 4.7. The Hamiltonian flow, <!>*, associated to the Hamiltonian fj given by ^Ug) = 
{9i{t),-,9n{t)) where 

~ m - JM''MtFj{g)))gi, l<i<j 
\9i,J <^ <n. 



The flow is periodic with period 2-^"/^ /4 — /?. 
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The flows {$*} do not give rise to a torus action on M^ since they do not have constant 
period. We now look at the length functions £j{g) = cos~^ {—^fj{g)). Then 



and 



de,= 


dfj 


'^'.^ 





It is not difficult to see that the family of functions {^j}"^2 ^^^° Poisson commute, but 
their Hamiltonian flows are not everywhere defined. If we restrict to the space M^. such 
ij ^ or £j y^ TT for all diagonals in Mr- The Hamiltonian flows {^!} on M^ associated 
to {ij} are periodic with constant period 27r and constant angular velocity 1. These flows 
define a Hamiltonian (n — 3)-torus action on the space M^ 

5. Braid action on Mr 

There exists an action of the pure braid group P„ on the manifold Mr which preserves 
the symplectic structure. In this section, we show that the generators of the pure braid 
group arise as the time 1 Hamiltonian flows of the family of functions hij,l < i < j < n — 1 
where hij G C°°{Mr)^ is defined by, 



hijig) = -ycos ^ { - ^tr{gigj))j . 



Let Ci2 denote Ci ® C2, where C^ C P is a conjugacy class. Let W12 denote the quasi- 
Poisson bivector on Ci2- We have the following proposition. 

Proposition 5.1. The diffeomorphism R : C\ ® C2 -^ C2 ® Ci given by R{gi,g2) = 
{Adgj^g2,gi) is a bivector map taking wu to ^21- 

Remark 5.2. The diffeomorphism R' : Ci®C2 -^ C2®Ci given by R'(gi,g2) = {g2,Ad -igi) 
is also a bivector map taking W12 to W2i- 

Remark 5.3. RoR' = Idc,®C2 = R' ° R 

We now define Ri : Ci®- ■ ■ ®{Ci® Ci+f) ® • • • ® C„ ^ Ci ® • • • ® (Cj+i ® Cj) ® • • • ® C„ 
to be the map given by 

Ri{gi, ■■■,gi,gi+i, ■■■gn) = (gi, •••, Adg^gi+i,gi, ...,gn) 

that is, R applied to the ith and (i + l)th term of Mr- R'^ can be defined in a similar way. 

Lemma 5.4. The full braid group Bn has a faithful representation as a group of automor- 
phism of the closed n-gons in S'^ in which side-lengths are fixed but the order of the sides is 
not fixed. The generators of Bn are given by Ri, \ < i < n — 1. 

We now restrict Bn to P„ to get an action of the pure braid group on C". This action 
induces a symplectomorphism on the moduli space Mr- 
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Corollary 5.5. Let Aij = Rj-i o • • • o Rij^i o Rf o i?^^-^ o • • • o R'j_i, I < i < j < n. Aij 
induces a symplectomorphism from Mr to itself. Aij, 1 < i < j < n are the generators of 
Pn which has a faithful representation as a group of automorphisms of Mr- 

We will now show that the braid group actions A^j can be realized as the time one 
Hamiltonian flows of the Hamiltonians hij given at the start of the section. We begin 
by studying the Hamiltonian flows associated to the functions fij S C°°{Cr)^ given by 
fijia) = tr{gigj). Define F^j : C^ -^ i hy Fij{g) = {{gigj) - {gigj)'^)- 

The Hamiltonian flow associated to fij is given by ^\j{g) = (giit), ...,gn{t)) where 

gk, < k < i and j < k < n + 1 
g~f^[t) = < Ad(exp {tFij{g))jgk, k = i,j 

Ad\^exp {tFij{g))gj exp ( - tFij{g))gj'^jgk, i < k < j. 
The following formula is used to relate "I"* ■ to Aij . 

Lemma 5.6. 

fcos-^{-^tr{g)) ^ 



exp 



We now notice that for time t 



V^-tr^g) 

_ cos-i(-|/,j(g)) 



(9-9-') 



^Ij = Air 
The time for which the $* • flows depends on the point in M^ at which flow begins. We 
would like time to be independent on the starting point. We can achieve this by taking 
the Hamiltonian flows of the functions hij = ^ (cos~^(— 2/ij)) ■ The Hamiltonian flow <1>* • 
associated to hij is the renormalization of the flow $* • so that 

% = Aij 
on Mr- We can see the pure braid group as the integer points in the Hamiltonian flows 
$ij, l<i < 3 <n. 

6. Connection with symplectic forms on relative character varieties of 

n-punctured 2-spheres 



In this section, we relate the symplectic form on M^.(S^) given in Remark 3.8 to the sym- 
plectic form of Goldman type obtained from the description of -M,,(§^) as the moduli space 
of flat connections on an n-punctured 2-sphere. We follow the arguments of Kapovich and 
Millson [KM1|, §5] which considers the analogous question for Mr(E^). We begin with the 



general case in which G is any Lie group with Lie algebra g which admits a nondegenerate, 
G-invariant, symmetric, bilinear form. 

6.1. Relative characteristic varieties and parabolic cohomology. Let E = S^ — 

{pi,...,Pn} denote the n-punctured 2-sphere and Ui,...,Un be disjoint disc neighborhoods 
oi pi, ...,pn, repectively. Further, F is the fundamental group of S with generators 7j, 
T = {Fi, ...,F„} is the collection of subgroups of F with Fj the cyclic subgroup generated 

by 7j, and [/ = C/i U • • • U C/„. 
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Fix po ^ Hom(r, G) a representation. In [KM2| the relative representation variety 
Honi(r,T; G) is defined as the representations p : T — > G such that plr^ is contained in the 
closure of the conjugacy class of polPi- 

Remark 6.1. If G = SU{2), there exists a po such that the relative character variety 
Honi(r,T; G)/G is isomorphic to Mr(S^). We will make this isomorphism explicit later on. 

Let p G Hom(r, T; G). Then p induces a flat principal G-bundle over S. The associated 
flat Lie algebra bundle will be denoted by ad P. 

We define the parabolic cohomology, Hp^^{T,, ad P) to be the subspace of the de Rham 
cohomology classes in Hjjj^iT,, ad P) whose restrictions to each Ui are trivial. 

6.2. Gauge theoretic description of the symplectic form. Let b be the nondegener- 
ate, G-invariant, symmetric, bilinear form on g. A skew symmetric bilinear form 

B : H^^^{^,adP) x H^^^{^,adP) -^ H\j:,U;R) 

is defined by taking the wedge product together with the bilinear form b. Evaluating on 
the relative fundamental class of S gives the skew symmetric form, 

A : H^^^{T.,adP) x Hl^^{T,,adP) -^ M. 

Poincare duality give us nondegeneracy of A, so A is a symplectic form on Hom(r,T; G). 
We will show A corresponds to the symplectic form u) given in Remark p.8| . 

We first pass through the group cohomology description of Hp^j.{T,,adP) to make this 
correspondence explicit. 

We identify the universal cover of S, denoted S, with the hyperbolic plane, H^. Let 
p : S ^ S by the covering projection. We define the A'{T,,p*AdP) with A*{Ti,q) by 
parallel translation from a point xq. Given [rj] G H^(Tj,adP) choose a representing closed 
1-form T] S A^{Tj, adP). Let rj = p*r]. Then there is a unique function / : S — > g satisfing: 

• f{xo) = 

• df = rj 

A 1-cochain h{r]) G G^(r,g) is defined by 

h{r^){^) = f{x)-Ad,{j)f{^-'x). 

This induces an isomorphism from H^CE^adP) to H^(T,q). It can be seen that [tj] G 
Hp^j,{T,,adP) if and only if h{r]) restricted to Tj is exact for all i. That is, there exists an 
Xj G g such that h{r]){'-f^) = Xi — Adp{'yf)xi for each 7^ a generator of T. 

We construct the fundamental domain P for F operating on H^ as in |KM1]. Choose 
xq on S and make cuts along geodesies from xq to the cusps. The resulting fundamental 
domain D is a geodesic 2n-gon with vertices vi, ...,Vn and cusps v^ , ..., v^ ordered so that 
as we proceed clockwise around dV we see vi,v^, ...,Vn,v^. The generator 7^ fixes vf° and 
satsfies 7iVi+i = Vi. Let ej be the oriented edge joining Vi to v°° and e^ be the oriented edge 
joining vf° to Vi+i. Then jiCi = -ej. 

Let p G Hom(F, T;G) and c,c' G Tp (Hom(F,r; G)/G) ~ H^^^{r,Q) be tangent vectors 
at p. The corresponding elements in Hp^^{Tj,adP) are denoted a and a'. So / : S — > g 
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which satisfies df = a and fi{xo) = 0. Let f{v°°) = Xj. Then 

cili) = fix) - Adp^^^^fi'jr'^x) 

= /K-)-^dp(7.)/(^r) 

— Xi -/i(lp(^y^'jXi. 

There is an equivalent formulas for c' ,a' , and /' with f'{vf) = x[. 

Let B,{T) be the bar resolution of T. Thus -Bfc(r) is the free Z[r]-module on the symbols 

[71I72I ••• \lk\ with 

fe-i 



5[7il72l---|7fc] =7i[72|---|7fc] + ^{-'^Ybi\--- l7i7i+i|---|7fc] + (-l)''[7i| • • • l7fe-i]- 

i=l 

Let Cfc(r) = BkiV) (^i[Y] ^ with Z[r] acting on Z by the homomorphism e defined by 

m m 

i=l 1=1 

Then Cfc(7) is the free abelian group on the symbols (71I • • • |7a:) = [71I72I • • • |7fc] ® 1 with 

k-l 

<9(7i|72| • • • l7fc) = (72I • • • |7fc) + ^{-'^Tilil ■ ■ ■ hli+il ■ ■ ■ bk) + (-l)''(7i| • • • l7fe-i)- 

i=l 

A relative fundamental class F € C2(r) is defined by the property 



dF = ^i^,). 



i=l 

Let [r, dV] = Er=2(7i • • • 7i-i|7i) e C2{r), then 
Lemma 6.2. [r,Or] is a relative fundamental class. 

Proof: The proof is left to the reader. 

We will now give the symplectic form A in terms of group cohomology. We denote by 
Ufo the cup product of Eilenberg-MacLane cochains using the form b on the coefficients. 

Proposition 6.3. 

n 

A{a,a') = Y,{c^bx'^,{7i)) - {cUbc',[T,dT]) 

i=l 



We will use the next Lemmas to prove Proposition 6.3. 
Lemma 6.4. 

" B{f, a') + [ B{f, a') = b (0(7.), /'(O) " b (c(7.), /'K)) 



THE SYMPLECTIC GEOMETRY OF POLYGONS IN THE 3-SPHERE 19 

Proof: Recall ^iCi = —ei, so that Cj = — 7j~ Cj. We then have 

/ B{t\ a') + / B{f, a') = I B{f, a') + / B{f, a') 

J ei JEi J Ci J Si 

= f B{f,a')+ f B{f,a') 

= [ B{f,a')+ f{^r^rB{f,a') 

B{f,a')+ [ B{{j-'rf,{^-'ra') 

B{f,a') + [ B{Ad,^^^){jr^rf,Ad^^^^){jr^ra') 



6(c(7.),/'(0)-&(c(7.),/'K)) 



D 



Lemma 6.5. 

n n n 

Y, b (c(7.), f'{v,)) = J2 b (c(7.), f'{vr)) - 5^(c U, y„ (7.)) + (c U, c' , [T, dT]) 
1=1 1=1 1=1 

Proof: By definition, for any x € H^ and 7 G T we have 

c'(7) = /'(x)-^d,(^)/'(7-^x) 
Let 7 = 7i and x = Vi, then 

c'ili) = f'{vi) - Adp^^^)f'{vi+i) 
Using f'{vi) = 0, we obtain 

c'(7i • • • 7i) = f'{vi) - Adp(^^...^.)f'{j^^ ■ ■ ■ 7f^fi) 

= -^'^p(7i-7,)/'K+l)- 

We will also need 

c'(7i---7i) = c'(7i---7i_i)+A(ip(^^...^._^)c'(7i) 

= c'(7i) + ^dp(^j)c'(72) + • • • + Adp(^^...^^_j)c'(7i) 

and, since 71 • • • 7n = 1, 

= c'(7i • • • 7n) = c'(7i) + Adp(^^^)c{-f2) H h Adp(^^^...^^_^)c'{-fn) 

We then have, 
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n 



^^{c{li)j'{vi)) = - J]]6(c(7i),Adp(^^...^^)-ic'(7i---7i_i)) 

i=l 
n 

XI ^ (^^p{7i-7.-i)'^(7i)> c'(7i) + ^C^p(7i)c'(72) + • • • + Adp(^^...^^_2)c'(7i-i)) 

i=l 
n j— 1 

X J^ fe (^dp(^,...^,_,)c(7i), ^dp(^,...^^._^)c'(7j)) 

n n 



n j 



IZZ]^(^'^P(7i-7,-l)c(7i),^'ip{7i-7,-i)c'(7j: 



^5 (c(7i • • •7j),^rfp(7i-7i-i)c'(7i) 



n 

^6 (c(7i • • •7j-i) + ^f^p(7i-7i-i)c(7i),^^p{7i-7.-i)c'(7j 

n n 

^6 (c(7i ■ • •7j_i), Adp(^^...^^._^)c'(7j)j + X]^ (c(7j),c'(7j)) 



c U5 c'), [r, ar]) + Y, b Uij), fivf) - Ad^^^^^fi 



n 



{c u, c', [T, dv]) + Y^ b (c(7,), /'(^r )) - E^^(^' ^i)' (^^•)) 



D 



Proof of Proposition \6. 4 -" 

^(a,a') = / 5(a,a') 

= / B{a,a') 
Jv 

B{a,f') 



J2([B{a,f')+[B{aJ')) 

n 

^(cux;.),(7i))-(cuc',[r,ar]) 
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D 

6.3. Correspondence between Mr{§^) and Horn (F, T; SU{2)) /SU{2). We now restrict 
to the case G = SU{2). We define the isomorphism 

T:Hom(r,T; 5^7(2)) ^ M^, 

where Mr is the closed polygonal linkages in S^ based at a point, by 

T^(P) = (p(7l),"-,P(7n))- 

This induces an isomorphism, which we also denote by T, 

T : Hom(r, T; SU{2))/SU{2) -^ Mr. 
The differential dTp : Tp{Rom{r,T; SU{2))/SU{2)) -^ Tt(p)M^ is then defined by 

dTp{c) = (di?p(^^)c(7i),...,(ii?p(^„)c(7„)) . 
Here Tp(Hom(r,T; S'[/(2))/S'[/(2)) is identified with an element of Zp„^(r,0). We have 
dTp(c) = {dRg^xi - dLg^xi, ..., dRg„Xn - dLg^Xn) 

and 

" JLp(c j = [dKg^Xi — dLg-^^x^, ..., dKg^Xn — dLg^Xn) ■ 
Recall, the symplectic form on Mr is given by 



n 



n ^ n n 

Y.^''+0Y. Yl i^dg,...g^_J^ Ab Adg^...g^_Jj) . 



2 

i=l 1=1 j=i+l 

We can now prove the main result of this section 
Theorem 6.6. T*uj = A 

Proof: 

First we note that 

T%{c) = c(7,) 
and 

(T*u;i)(c,c') = uJi[dRg^c{'ji),dRg^c'{ji)) 

" ~ 2 (^'^sr"^*^^*^ + c(7i), X- j 

= -^{ci7i),Adg^x'i + x'i) 

= "2 (c(7i),c'(7i)) - {c{ji),Adg^x'i) 



- {Adg^...g^_Xji), Adg^...g^_^c' {-fi)) + (c Ufc X^ ) , (7^ ) ) 



It follows that 
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n n n 

n " 1 



2 



n n 



n n 
n j-l 

+ J^ XI (^^ffi-<;.-ic(7*), ^c?ffi-5,-ic'(7j)) 

i=2 i=l 



n I 



+ Zl Zl (^«'9i-9.-ic'(7i), ^'^gi-s,-ic(7i)) 
j=i i=i 

n n i ~ 1 

^(cUx-,(7i)) + ^ J]](^d3i...3,_lC(7i),^dgi...g,_lC'(7j)) 
i=l j=2 i=l 

n n 

Y,{c U x'i), (7i)) + J]; {Adg,...g^_,c'{-f^),c{ji ■ ■ ■ 7,_i)) 

i=l j=2 

n 



Y,{c^bx'i,{^i))-{cUbc',[T,dT]) 



i=l 



= A{a,a') 

D 
It is easily seen that the functions £i from ^4.2| corresponds to the fohowing Goldman 
functions. Let y? : G ^ M be defined by (p{g) = cos~^ (— |irace(5')). We then defined the 
function 93^ : Hom (T, T; SU{2)) /SU{2) ^ M by Lpga{p) = if {p{-ga)). We see that 

1 tj = Lp^-^...j- 

Then choosing an maximal collection of nonintersecting diagonal on Mr corresponds to a 
pair of pants decomposition on S. 
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